Let G be a simple graph with n vertices, m edges. Let ∆ and δ be the maximum and minimum degree of G, respectively. If each edge of G belongs to t triangles (t ≥ 1), then we present a new upper bound for the Laplacian spectral radius of G as follows:
Introduction
Let G = (V , E) be a simple undirected graph with n vertices and m edges. Denote V = {v 1 , v 2 , . . . , v n }. Let G be a graph. We call G a triangulation, if every pair of adjacent vertices of G have at least one common adjacent vertex.
A planar graph is called a maximal planar graph if for every pair of nonadjacent vertices u and v of G, the graph G + uv is nonplanar.
is the diagonal matrix of vertex degrees. Clearly, L(G) is a real symmetric matrix. From this fact and Geršgorin's Theorem, it follows that its eigenvalues are nonnegative real numbers. The largest eigenvalue of a matrix M is denoted by λ 1 (M), while for a graph G, we will use λ 1 (G) to denote λ 1 (L(G)) and call it the Laplacian spectral radius of G.
Recently, some upper bounds for λ 1 (G) were given (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ). Let us recall some known results.
In [2, 3] , Li and Pan prove the following results:
(1)
In [10] , Zhang and Luo show that
In [6] , Liu, Lu and Tian obtained the following bound: Here, we give a new upper bound on the Laplacian spectral radius of a triangulation with n vertices, m edges, minimum degree δ, and maximum degree ∆.
Results and examples
Throughout this section, let G be a simple graph with n vertices, m edges and degree sequence (
Now, we give the main results of the paper.
Theorem A. Let G be a triangulation with n vertices, m edges and ∆, δ the maximum and minimum degree of G, respectively. 
Hence by the Lagrange identity,
One the other hand, since every pair of adjacent vertices of G has at least one common adjacent vertex, we have
Thus, we have Fig. 1 . Two graphs G 1 and G 2 .
Hence
The proof of the theorem is completed.
If we replace ( * ) in the proof of Theorem A by 
Note. The upper bound (6) 
Proof. Since G is a maximal planar graph, each pair of adjacent vertices of G has at least two common neighbor vertices. Thus by Theorem B, we have
Now we give two examples to show that our bound (6) and the bounds (1)- (4) are incomparable. Let G 1 be a graph shown in Fig. 1(a) . Then the upper bound (6) is 6 which is the sharpest. But the upper bounds (1)-(4) are 8 for G 1 . Hence the bound (6) is the best in the above-mentioned upper bounds for G 1 . Let G 2 be a graph shown in Fig. 1(b) . Then the upper bounds (1)-(4) are 7.75, 7.73, 7.74 and 7.62, respectively for G 2 . But our bound (6) is 8.22 for G 2 .
